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Abstract

In this paper, a new measurement technique is proposed to identify the beat characteristics and modal damping ratios
of a Korean bell in the casting field. The beat response caused by the mutual interference of mode pair with very close
doublet frequency is unique feature of the Korean bell and should be accurately measured in order to quantitatively
estimate the bell sound. However, the conventional method based on a filtering concept such as the Fourier transform
has difficulty in extracting the beat frequencies and modal damping ratios because the method should individually de-
compose the measured signal into each mode. The aim of this paper is to propose an effective measurement method to
identify the beat frequencies, mode pairs and modal damping ratios using the continuous wavelet transform in a real
striking condition. The proposed method is verified with the Hwacheon World Peace Bell cast in the year 2008, which
is the largest bell in Korea. In the future, the proposed method can be applicable to the casting field of the Korean bell
to effectively estimate its beat characteristics and damping characteristics.
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1. Introduction

The beating response of the Korean bell is created
by the mutual interference of mode pair with very
close doublet frequency. The Korean bell consists of
a main axisymmetric shell with decorative sculptures
and carved figures on the surface. The sculptures,
carved figures and casting irregularities introduce
asymmetry into the bell. As a result, mode pairs with
doublet frequency are generated in the circumferential
direction [1]. When a certain mode pair is equally
excited by the external impact, then the beat response
of the mode pair is generated. The Korean bell has a
breathing-like beat which is a unique feature com-
pared with western bells. For the breathing-like beat,
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a clear beat and proper beat period are desired for the
liveliness of the Korean bell sound. Recently, a study
on the beat control was carried out in order to im-
prove the beat characteristic condition [2, 3]. To iden-
tify and control the beat characteristics of the Korean
bell, it is inevitably necessary to decompose the mode
pair into each mode from the measured signal. In the
conventional method, the low and high mode consist-
ing of the mode pair were individually excited, and
then the mode shape, beat frequency and modal
damping were individually extracted by the measured
signal. Also, when the measured signal includes the
components of the low and high mode of a certain
mode pair, the modal properties of the bell are meas-
ured through the filtering method [4]. In this case, it is
very difficult to individually excite the two modes
with the very close natural frequency. Also, the filter-
ing process also needs to work hard in decomposing
the measured signal into each mode.
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In this study, an effective measurement method is
proposed to identify the beat frequencies, mode pairs
and modal damping ratios in a real striking condition.
The proposed method was applied to the Hwacheon
World Peace Bell cast in the year 2008, which is the
largest bell in Korea, weighing 37.5 ton. The pro-
posed method using the continuous wavelet transform
[5-8] can identify the beat frequencies, mode shapes
and modal damping ratios for the several tones of the
bell at a time. The beat frequencies and beat period of
each mode pair are obtained by using the continuous
wavelet transform (CWT) based on the Gabor wave-
let. Also, the modal damping ratios associated with
the time duration of the beat response are also identi-
fied by the CWT. When using the CWT on a given
signal, the optimal shape of the Gabor wavelet used
as the mother wavelet is determined by employing the
Shannon entropy cost function on the normalized
wavelet modulus.

This paper is organized in the following way. In
section 2, the mode decoupling process of the multi-
degree of freedom system is explained using the
CWT. After that, the analytical beat characteristics of
each mode are examined using a slightly asymmetric
cylindrical shell, which can analyze the beat characteris-
tics of the Korean bell. Next, we identify the mode shapes
of the Hwacheon World Peace Bell. Finally, the beat
characteristics and modal damping ratios of the bell are
identified by using the continuous wavelet transform.

2. Theoretical background of the continuous
wavelet transform

The continuous wavelet transform W, x(u,s) [9] of
an L, -based signal x(7) is defined by

Vwa(u,s)=I:x(t)l;/*m (¢)dt, )
where

t-u
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Here, y'(7) is the complex conjugate of the
mother wavelet y(¢), which is dilated with a scale
parameter s related to the frequency and translated
by translation parameter u localizing the wavelet in
the time-domain. The CWT represents the convolu-
tion sum between a given signal x(¢) and a scaled
mother wavelet /(7).

Many mother wavelets have been employed in tak-
ing the CWT of a given signal. In analyzing the fre-
quency evolution of a given signal, the CWT should
use analytic wavelets such as the Gabor wavelet
which has the smallest Heigenberg box [9]. The Ga-
bor wavelet (7) can be constructed with a fre-
quency modulation of a real and symmetric Gaussian
window g(7):

w(t)=g(t)e™ 3)
with
g(t)=—" e(ﬁ], @)

where 7 is the center frequency of ¥(w) and o
is the measure of time spread of (7). The shape of
the Gabor wavelet is controlled by the combination
between 1 and o . The product of  and o is
called as the Gabor shaping factor G, =on [5].
Because the time-frequency resolution of the CWT
based on the Gabor wavelet is determined by the Ga-
bor shaping factor, the optimal shape of the Gabor
wavelet should be selected [5, 6].

In Eq. (3), the dilated version of the Fourier trans-
form for the Gabor wavelet is defined by

2
-a

(.m)—l]]z

|
¥ (sw) = (47::72 )1/4 el 2 . )

¥ (sw) of Eq. (5) has a maximum value at the cen-
ter frequency of the mother wavelet, i.e., sw=n. This
implies that the Gabor wavelet can be considered as a
band-pass filter, because it has a fast decay at the fre-
quency ranges outside of the center frequency.

3. Estimation of the beat characteristics and
damping ratios using the CWT

3.1 The CWT of mono- and multi-spectral signals

Consider the wavelet transform for x(r)=A(r)
cos(¢(t)) of the Single Degree of Freedom (SDOF)
system where A(7) and ¢(¢) are an amplitude and a
time-varying phase, respectively. If x(7) is assumed to
be an asymptotic signal, an analytic function of x(¢) is

x,(1)=A(r)e"". (6)

The wavelet transform based on the Gabor wavelet can
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be obtained as
W, x(u.s) = %(W), o)
- gA(u)eW(“) {G(n s (u)) + S(uzj} )

where G(w) is the Fourier transform of the Gaussian
window function g(¢) . Using ¥(w)=G(w-7n) ,
G(n-s#'(u)) in Eq. (7) becomes W¥'(s4'(u)). If
A(t) and ¢'(¢) have small variation over the support
of v, (¢) and if ¢'(u) is larger than Aw, /s where
Aw, is frequency bandwidth of the mother wavelet, the
corrective term & (u,77/s) can be neglected. Therefore,
Eq. (7) can be finally approximated as

Vs

w x(u,s) = 5

# A(u)ew(")‘l’* (s¢'(u)) ®

Since W (s®) has a maximum value at s =17 , the
absolute wavelet transform ‘W x(u,s ‘ is maximum at
s(u)¢'(u)=n, which are the wavelet ridge points.
The wavelet ridges are a collection of corresponding
points (u,¢'(u)) , at which the normalized energy den-
sity called the wavelet scalogram becomes a local maxi-
mum at each time.

Consider that x(7) is the response of the multi-degree
of freedom (MDOF) system. The response of the N-DOF
system can be expressed as a summation of the response
of the SDOF system as follows:

x(1) z'xk

k=1,2,.

S A ‘¢A
z ' ©)

=1
Ji—1i,i+1,..., N

where 4,(t) and ¢, (¢) are an amplitude and a
time-varying phase of x, (¢) , respectively.

Since the CWT is a linear transformation of a given
signal, the CWT of the signal with the multi-spectral
components is given by the summation of that of SDOF

signal:

. . (10)
:;\/ZEAk (u)e it (sk¢k( ))

In Eq. (10), if we choose the optimal Gabor shap-
ing factor in order to have sufficient frequency resolu-

tion, we can decouple the close natural modes. In
other words, because the mother wavelet function has
compact support in the frequency and time domains,
the wavelet transform at the scale parameter s, asso-
ciated with the ith dynamic mode can only provide a
relevant contribution. On the other hand, at a scale
parameter not associated with the ith dynamic mode,
the wavelet transform cannot provide any contribu-
tion:

‘I—’*(sk¢,£ (u)) =
fork=1,2,.,i-1,i+1,.,N. (11)

Thus, the wavelet transform of the MDOF system
can be decoupled into each mode of the SDOF sys-
tem:

W, x (u,s;) = @Ai (u)ei””(”)

§ (s, (). (12)

Finally, the mode decoupling procedure of the
MDOF system is effectively accomplished by the
CWT.

3.2 Extracting the beat characteristics and damping
ratios of bell type structures

Bell type structures, including the Korean bell, can be
modeled as a slightly asymmetric cylindrical shell or
circular ring. By the impulse response analysis, the beat
response of each (m, n) mode in a slightly asymmetric
cylindrical shell is given by [4]

u3mn(x*,0,t)
:efc,waawf{cosn(g“—¢mL)cosn(c9—¢m,,L) (,,mL) (13)

+cosn(6f—¢mﬂ)cosn(6‘—¢mﬂ)sm(w”mﬁt)}
where @,,, and ,, are the natural frequency of
the high mode and the natural frequency of the low
mode, respectively. Two mode components have
slightly different frequency values by the slight asym-
metry. Subscripts m and n mean the mode se-
quence of the longitudinal direction and the mode
sequence of the radial direction in the Korean bell,
respectively. @ is the position of the striking point.
o, and ¢ are the position of the anti-node for
the high mode and the position of the anti-node for
the low mode, respectively. The phase difference
between the low and high mode in a certain mode
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pair is given by

2 n=2,3,4,., 0. (14)

¢an = ¢an + B
n

The average values of frequency and damping are used
as follows, since these values for each mode pair are al-
most the same:

mna

and ¢, = (é,an + mnH)/2 . (15)

@, = (a)an + a)an )/2

By using Eq. (12), the CWT for a certain mode
(m, n) of a slightly asymmetric cylindrical shell, as
shown in Eq. (13), is given by

W, us,, (u,s) =W, s (u,s) + W, s (u,s) , (16)

where

C . .
VV;//“}mnH (u’s) = %’H s e‘é’m,.uwm,,“u\}l (SG)m’ZH)eW""’H“ , (18)

Can =cosn (0* - ¢an )COS” (0 - ¢an ) >

. (19a,b)
Co =cOSR (9* =Gt )COS n(H =Gt )

Here, C,,, and C,,, are the contribution factor of the
low mode (m, n), and the contribution factor of the
high mode (m, n), contributing to the beat response,
respectively.

Since the dilated mother wavelet function
‘I’(sw ”””” ) w) is a symmetric function at the center fre-
quency 7 on the o -axis, ‘I’*(sw llllll a)an) is equal
//////////// is the scale parameter
corresponding to the average frequency @, of the
low and high mode. Thus, at the average frequency

@,,. » Eq. (16) becomes as follows:

H
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where

Rmn = \/ijL + ijH + 2C‘nmLC'mnH Cos {(a)mnH - a)an ) M} >
@D

— -1 mnL mnL mnH mnH
®, - tan ( C sinw u+C . sino . u } 22)
C,.cosm, u+C, . cosm,, ., u

mn,

To obtain the modulus of the wavelet transform, we

must take the absolute value for W, u,,, (u,s o ) :

W (5,,, @i )R (23)

VVWu}mn (u, S[Umml )‘ = e -

In Eq. (23), the envelope of the wavelet mo-
dulus qumL(u,sww is a function of
cos{(®,,; —®,, )u} . The period of the amplitude-

modulated envelope in the wavelet modulus indicates
the beat period of the (m, n) beating mode:

)‘ at o

mna

S (24)

wmnH —,

mnL

mn

To extract the damping ratio of the (m, n) mode as-
sociated with the beat response, we take a semi-logarithm
of the wavelet modulus ‘qum (u,swm )‘ to obtain the
following:

i, (15,,. )

= =G Dyt + 10

25
et @

@, >
2

ma - mnL

The damping ratios of a given signal u,,,(¢) can
be identified by calculating the slope of the straight
line having a translation parameter « as an inde-
pendent variable on the semi-logarithm of the wavelet
modulus.

If C,, isequalto C,, ,i.e., an in-phase contri-
bution of a low (m, n), and high mode (m, n),
to a beat response of the (m, n) mode, Eq. (20) can
be rewritten as

VVu/u,?mn (1/[, S(u a )

,,,,, . 26)
= TN B
- C’””L S“l yyyyyy € k3 (Sw, ,,,,,, (U"ML)COS amn € s
where
Ay = (a)mnH — W, )” /2
and f,, =(@,,; + @, Ju/2. (27a,b)
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If C,,
contribution of a low (m, n), and high mode
(m, n), to beat response of the (m,n) mode, Eq.

(20) can be rewritten as

is equal to —-C, , , i.e., an out-of-phase

m

W5, (”’Sw,,.,m )
=-iC =S Cnna P : B
=—iC,,.\[S, € S, @, |SinQ,, 7.

As can be seen in Eq. (26), when the contribution
of the low and high mode contributing to the beat
response is the same, the wavelet modulus shows the
function of cose,, at the average frequency be-
tween the low and high mode. On the other hand, as
can be seen in Eq. (28), if the contribution of the low
and high mode contributing to the beat response is
out-of-phase, the wavelet modulus is the function of
sine,,, . In the same manner, the period of the enve-
lope in the wavelet modulus is 7, =47/(@,,,; — @, ) -

In Egs. (26) and (28), the argument of quw(u,s( q)
is given by

(28)

”’g{Wv“mz(”’Sw ,,,,,,, )}:(%nﬁwm)u/z. (29)

If we take a derivative with respect to the translation
parameter for Eq. (29), the average value of the low and
high frequency for the (m, n) mode can be obtained as

@, :%arg{qu}m (u,swm )} =(O,py +®,,,)/2 . (30)

Finally, the natural frequencies of the low mode @,

and high mode ®,,, for the (m, n) mode can be
obtained from Eqgs. (24) and (30), respectively.

27 ad @, =m, +2E . (3lab)

mna

me:w

( mna
mn mn

4. Experimental results and discussion

4.1 Vibration modes of the Hwacheon World Peace
Bell

As shown in Fig. 1 and Table 1, because the Hwa-
cheon World Peace Bell is a very massive structure, it
is difficult to generate vibration modes using a gen-
eral commercialized impact hammer or exciter. In this
research, a loud speaker and a frequency generating
system are used to resonate the low mode (m, n),
and high mode (m, n), individually. For the effec-
tive resonance of each mode, the loud speaker for the

low frequency range was set at the anti-node position
of each mode and the bell was accurately excited by
each natural frequency without producing any beat.
Comparing the 24-point signals with the reference
signal at point 23 makes it possible to determine the
magnitude and the phase of the acceleration at each
position in Fig. 2(b). The modal amplitude 4, and
modal phase ®; of the ith mode shape for the bell
are obtained by [8]

W' x(u,s.
) , @, = arg(WJ, (32)
where W/ (u,s;) is the wavelet transform of the mea-
sured signal at jth position and 1, (u, s,) represents
the wavelet transform of the reference signal for ith
mode sequence.

Using the wavelet technique of Eq. (32), we meas-
ured the mode pairs for the hum mode (0, 2) and
fundamental mode (0, 3). In Fig. 3, the vibration
mode pairs for (0, 2) and (0, 3) modes are plot-
ted on the circumference at the positions with 15°
increments and along the contour of the bell. In Fig. 3
(a), the phase difference between (0, 2), mode and
(0, 2),, mode is almost 45° on the circumferential
direction. In Table 2, the node position and anti-node

Table 1. Dimensions of the Hwacheon World Peace Bell.

Parts D, D, D, H,
Dimensions [mm]| 1,890 2,745 565 3,620
Parts H, H, H, T,
Dimensions [mm]| 910 1,020 80 247
- - - .
2% B

oSl S, |
H,

PR e

B RS Jxd ek a5t gl

v "

(b)

Fig. 1. (a) The Hwacheon World Peace Bell and (b) its di-
mensions.
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Fig. 2. (a) Experimental setup for measuring vibration and (b)
the positions of impact and measurement (bottom view).

position of the (0, 2), mode are almost —26.25°
and 18.75° around the impact position (6=0°),
respectively. Therefore, the present striking position
excites almost equally both (0, 2), mode and
(0, 2),, mode. This configuration of the mode pair
and striking position satisfies the condition for a
strong beat in the hum mode (0, 2) . In Table 2 and
Fig. 3(b), the node position and anti-node position of
the (0, 3), mode are almost —3.75° and 26.25°
around the impact position (6=0°), respectively.
The phase difference between (0, 3), mode and
(0, 3), mode is almost 30" on the circumferential
direction. In the present striking position, because the
present striking position strongly excites the (0, 3),
mode, a clear beat for fundamental mode (0, 3) is
not generated. For three-dimensional mode shapes of
the bell, the finite element analysis using the com-
mercial program ANSYS was carried out for the bell.
The mode shapes of the bell obtained from the finite
element analysis are shown in Fig. 3. The results are
very similar to those by the experiments.

4.2 Beat characteristics and damping ratio of the
Hwacheon World Peace Bell

The proposed continuous wavelet technique was

S. Y. Park et al. / Journal of Mechanical Science and Technology 23 (2009) 3049~3058

(b) Mode (0, 3): (i) Experiment, (ii) FEM

Fig. 3. Vibration modes of the Hwacheon World Peace Bell
by the experiment and finite element analysis: (a) Mode (0, 2),
(b) Mode (0, 3). (—) Low mode; (- - - ) High mode.

applied to identify the beat characteristics and damp-
ing ratios of the Hwacheon World Peace Bell. The
dimensions of the bell and experimental setup for
impact testing are described in Table 1 and in Fig. 2,
respectively. The external force of the bell for impact
testing was excited by a wooden hammer called
Dangmok, and acceleration signals from the bell were
measured using PCB type uniaxial accelerometers.
Impact signals of the bell were gathered by Head
acoustic signal analyzer system. Since the amplitude
and the phase between the low and high mode con-
tributing to beating response of (m, n) mode in the
bell are different from one position to another, the
determination of measurement point and striking
position is very important in accurately measuring the
beat response of each mode. In this paper, the striking
position of the impact hammer and the measurement
position by the accelerometer are illustrated in Fig.
2(b).

First, we chose Impact 1 as the first striking posi-
tion and Measurement 1 as the first measurement
position. The temporal response under the impact
testing is shown in Fig. 4. Before performing the
CWT of the measured signal, the optimal Gabor shap-



S. Y. Park et al. / Journal of Mechanical Science and Technology 23 (2009) 3049~3058 3055

50

Acceleration [m/sz]
(=]

&
S

10 2 30 20 50 80
Time [sec]

Fig. 4. The beating response under the impact testing.
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Fig. 5. The wavelet Shannon entropy of the measured signal.
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Fig. 6. The wavelet modulus of the measured signal. The
striking position and measurement position are Impact 1 and
Measurement 1, respectively.

ing factor was obtained by using the Shannon wavelet
entropy [6]. In this simulation, we selected the center
frequency to be 127, and then the optimal time
spread o of the Gaussian window was determined to
be +/15/2, as shown in Fig. 5. Using the optimal
Gabor shaping factor G,,,, we carried out the CWT
on the measured signal, as shown in Fig. 6. The wave-
let modulus contour in Fig. 6 has one beating mode,

Table 2. Positions of the node and anti-node for hum and
fundamental modes.

Mode (2, 0), Mode (2, 0)y
Node Anti-node Node Anti-node
-26.25° 18.75° 18.75° 63.75°
Mode (3, 0), Mode (3, 0)y
Node Anti-node Node Anti-node
-3.75° 26.25° 26.25° 56.25°
E
3
=
ko)
[
]
=
Time [sec]
(a) Wavelet modulus of (0, 2) mode
£
£
%
3
&
= |
oF Beat period 4
L s 8 12 1 20
Time [sec]

(b) Wavelet semi-logarithm of (0, 2) mode

Fig. 7. The wavelet modulus of (0, 2) mode and its semi-
logarithm for the measured signal. The striking position and
measurement position are Impact 1 and Measurement 1,
respectively.

which is the (0,2) mode, and three exponential
decay modes, which are the (0,3) mode, (1,2)
mode and (1,3) mode. The wavelet modulus was
extracted at the first average frequency, and then we
took the semi-logarithm on the wavelet modulus for
estimating the beat periods, natural frequencies and
modal damping ratios of the low and high mode. As
shown in Fig. 7(a), because the contribution between
the low and high mode contributing to the (0, 2)
beating response is in-phase at the position of Meas-
urement 1, the wavelet modulus for the (0, 2) beating
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(a) Wavelet modulus of (0, 3) mode (b) Wavelet semi-logarithm of (0, 3) mode

Fig. 8. The wavelet modulus of (0, 3) mode and its semi-logarithm for the measured signal. The striking position and measure-
ment position are Impact 1 and Measurement 2, respectively.

150y
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120}
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30r
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Fig. 9. The wavelet modulus of (1, 2) mode and its semi-logarithm for the measured signal. The striking position and measure-
ment position are Impact 2 and Measurement 3, respectively.

50

o

Py

Wavelet Modulus [m/sz]
Wavelet Logarithm [m/sz]

Time [sec] Time [sec]
(a) Wavelet modulus of (1, 3) mode (b) Wavelet semi-logarithm of (1, 3) mode

Fig. 10. The wavelet modulus of (1, 3) mode and its semi-logarithm for the measured signal. The striking position and measure-
ment position are Impact 1 and Measurement 2, respectively.

mode shows a cosine wave. From the semi-logarithm As shown in Fig. 3(b), because the position of Im-
of the wavelet modulus for (0,2) mode, we ob-  pact I and Measurement 1 is close to the node posi-
tained beat period, modal damping ratio and natural ~ tion of (0, 3) , mode, the response at Measurement 1
frequencies of the low and high mode, as listed in ~ does not contain the beat characteristics of (0, 3)
Table 3. mode. To identify the beat characteristics of (0, 3)
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Table 3. Estimated beat periods, damping ratios and natural
frequencies of the measured signal.

Beat . .
ModeNo | AVTEETE | iy | Dumpig o
quency [sec] mna
1 56.63 9.14 0.00012
2 149.07 791 0.00022
3 165.06 11.72 0.00054
4 202.36 2.58 0.00104
Natural Natural
Mode sequence .
Mode No. (m, n) frequency using frequency
’ CWT [Hz] |using FEM [Hz]
| ©0,2), 56.52 56.42
0, 2)y 56.74 56.72
) ©,3), 148.94 148.80
0, 3)y 149.19 150.12
3 (1,2), 164.98 169.84
(1,2)y 165.15 170.64
4 (1,3), 201.97 204.35
(1,3)y 202.75 205.62

mode, we chose Impact 1 as the first striking position
and Measurement 2 as the first measurement position.
Because the contribution between the low and high
mode contributing to the (0,3) beating response is
out-of-phase at the position of Measurement 2, the
wavelet modulus for the (0, 3) beating mode is a sine
wave, as shown in Fig. 8.

As shown in Fig. 6, the wavelet modulus contour of
the response measured at Measurement 1 has the
exponential decay response characteristics for the
third and fourth beating mode. For this reason, we
cannot obtain the beat characteristics such as beat
period and modal damping ratio at the third and
fourth beating mode. To obtain the beat characteris-
tics and modal damping ratio of the third beating
mode, we chose Impact 2 for the excitation of the bell
and Measurement 3 for measuring the beating re-
sponse. Also, we chose Impact 1 for the excitation of
the bell and Measurement 2 for measuring the fourth
beating mode. Similarly, we estimated the damping
ratios, natural frequencies and beat periods at the third
and fourth average frequencies on the wavelet
modulus contour and its semi-logarithm, as shown in
Figs. 9 and 10.

5. Conclusion

We have effectively identified the beat characteris-
tics and modal damping ratios of the Hwacheon
World Peace Bell using the CWT. The modal de-
coupling procedure of a beating signal was easily
carried out using the CWT based on the Gabor wave-
let. Before taking the CWT for a beating signal, the
optimal shape of the Gabor wavelet was determined
by employing the Shannon entropy cost function. The
beat characteristics and modal damping ratios of the
bell were obtained from the wavelet modulus at each
mode and its semi-logarithm. The beat period and beat
frequency of the hum mode in the Hwacheon World
Peace Bell are 9.14 s and 57 Hz, while those of the fun-
damental mode are 7.91 s and 149 Hz, respectively. The
current striking position enables a clear beat to be well
produced in hum mode, while the beat in fundamental
mode is not well generated because the striking position is
close to the node position of the low mode.
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